The gauged sigma-model argument that string backgrounds related by T-dual give equivalent quantum theories is revisited, taking careful account of global considerations. The topological obstructions to gauging sigma-models give rise to obstructions to Tduality, but these are milder than those for gauging: it is possible to T-dualise a large class of sigma-models that cannot be gauged. For backgrounds that are torus fibrations, it is expected that T-duality can be applied fibrewise in the general case in which there are no globally-defined Killing vector fields, so that there is no isometry symmetry that can be gauged; the derivation of T-duality is extended to this case. The T-duality transformations are presented in terms of globally-defined quantities. The generalisation to non-geometric string backgrounds is discussed, the conditions for the T-dual background to be geometric found and the topology of T-folds analysed.
Introduction
elsewhere.
Suppose that (M, g, H) has d (globally defined) commuting Killing vectors k m , m = 1, ..., d, so that L m g = 0 where L m denotes the Lie derivative with respect to k m , and that H is invariant L m H = 0 (1.1)
The Lie derivative of a form is given by
where ι m is the interior product with k m (using the conventions of [21] ) so that ( for some globally-defined 1-forms v m [20] . Given a suitable good open cover {U α } of the manifold M (in which each {U α } has trivial cohomology), in each patch U α a two-form b α can be found such that
In the overlap U α ∩ U β , the difference between the b's must be closed and so exact, so that b α − b β = dΛ αβ (1.6) for some one-form Λ αβ in U α ∩ U β (satisfying the usual consistency condition in triple overlaps). Then b α is a local potential for the field strength H, and is determined by H up to local gauge transformations δb α = dλ α (1.7)
where λ α is a one-form on U α . The potential b need only be invariant up to a gauge transformation, so that
for a 1-form w α m in U α given by w α m = v m + ι m b α (1.9)
To be able to T-dualise using the d Killing vectors requires that the orbits be compact, so that M has a torus fibration with fibres T d . In [4] , T-duality was analysed for the case in which a gauge can be chosen in which L m b α = 0. However, such a gauge is not possible for all patches in general. For example, such a gauge choice cannot be possible if there is non-trivial H-flux on the fibres (i.e. if H is non-zero over a cycle of the T d fibres). In [7] , a global derivation of T-duality was given for one Killing vector (d = 1) for the case in which ι m H is exact. It was then argued that this condition can be relaxed by choosing coordinate patches on M in which ι m H is exact in each patch, and then patching together the gaugings from the different patches. This was shown to work in some interesting examples, but the questions as to whether such a patching is always possible and whether this extends to more than one Killing vector were not addressed.
In [13] , [14] the case of principle torus bundles was discussed. Dimensional reduction of H on the T d fibres gives forms H 3 , H 2 , H 1 , H 0 where H p is a p-form on the base. It was claimed that T-duality was possible if H 1 = 0, H 0 = 0 and that otherwise there is an obstruction. There is also a 2-form F 2 on the base which is the curvature of the connection on the bundle, and both H 2 and F 2 take values in the Lie algebra of U(1) d . The topology is characterised by two integral cohomology classes on the base, the first Chern class [F 2 ] and the 'H-class' [H 2 ], and T-duality interchanges the two, so that [
Here the general case of simultaneous T-duality in d directions will be analysed, for general T d fibrations (i.e. M need not be a principle torus bundle). In this article, only the case in which the local U(1) d acts without fixed points will be discussed. First, in the case of d globally-defined nowhere-vanishing Killing vector fields, the result is that the condition for a geometric T-duality to be possible, i.e. one in which the dual is again a manifold M with tensor fields g, H, are that ι m ι n H is exact and ι m ι n ι p H = 0. This includes cases in which ι m H is not exact and in which H 1 is non-zero. This is then generalised to the case of torus bundles, where a modification of the constraint on ι m ι n H is found, while ι m ι n ι p H = 0 is still needed. The general form of the T-duality transformations are given in terms of globally-defined geometric structures -of course, they agree with those given in [2] , [4] locally.
An important question is whether T-duality is possible under more general circumstances. In [19] it was argued that in certain cases the T-dual is a T-fold -a space which looks locally like a manifold with g, H but where the transition functions between patches involve Tduality transformations. Examples of such non-geometric string backgrounds have been explored in [19] , [27] [28] [29] [30] [31] [32] [33] [34] . It will be shown here that the only condition for a T-duality to a T-fold to be possible is that the constants ι m ι n ι p H vanish, and no condition on ι m ι n H is needed. In [28] , it was argued that T-duality of more general cases with ι m ι n ι p H = 0 is in fact possible, with a result that is a stringy geometry that does not look like a conventional manifold even locally. (An alternative viewpoint was taken in [16] , [17] , [18] . It was argued that if H 1 = 0 and H 0 = 0 the dual is a non-commutative geometry in [16] , [17] and that if 0 = 0 then it is a non-associative geometry in [18] .)
Gauged Sigma Models
The sigma model with target space M is a theory of maps φ : W → M. If X i are coordinates on M and σ a are coordinates on W , the map is given locally by functions X i (σ). The action is the sum of a kinetic term S g and a Wess-Zumino term S W Z S 0 = S g + S W Z (2.1) Given a metric g on M, the kinetic term is
Here and in what follows, the pull-back φ * (dX i ) = ∂ a X i dσ a will be written dX i , and it should be clear from the context whether a form on M or its pull-back is intended. The Hodge dual on W constructed using a metric h ab is denoted * . The Wess-Zumino term is constructed using a closed 3-form H on M. If H is exact, then there is a globally defined 2-form b on M with
and the Wess-Zumino term is
This can be rewritten as
where V is any 3-manifold with boundary W . This form of the action can also be used in the case in which H is not exact. Then the action depends on the choice of V , but the difference between the actions for two choices V, V ′ with the same boundary W is
where V − V ′ is the compact 3-manifold obtained from glueing V to V ′ along their common boundary with opposite orientations, and φ(V − V ′ ) is the corresponding closed 3-manifold in M. The result is a topological number depending only on the cohomology class of H and the homology class of φ(V − V ′ ), so that the choice of V does not affect the classical field equations. The ambiguity in the choice of V leads to an ambiguity in the Euclidean functional integral [dX] exp (−kS) by a phase exp ik
where k is a coupling constant. for some (globally defined) one-forms v m , which are defined by (2.10) up to the addition of exact forms [20] . This is then a global symmetry if ι m H is exact.
Gauging of the sigma-model [20] , [22] consists of promoting the symmetry (2.8) to a local one with parameters that are functions α m (σ) by seeking a suitable coupling to connection one-forms C m on W transforming as
It was shown in [20] , [22] that gauging is possible if ι m H is exact, and a one-form v m = v mi dX i can be chosen with ι m H = dv m that satisfies L m v n = 0 (2.12) (so that ι m H represents a trivial equivariant cohomology class) and
This defines globally-defined functions
satisfying B mn = −B nm and L p B mn = 0. The identity
The gauged action is [20] 
which can be rewritten as (choosing a flat metric h ab = η ab ) [20] , [22] 
where S 0 is the ungauged action
Introducing light-cone world-sheet coordinates σ a = (σ + , σ − ) with η +− = ǫ +− = 1, this can be rewritten as
The ungauged action can be written as
If E mn (X) is invertible for all X, then writing the gauge fields C = C + Φ where
Note that C transforms as a connection under the gauge transformations (2.8) δ C = dα [20] , so that Φ m a are globally-defined world-sheet vectors. The action S Φ involves no derivatives so that the Φ are auxiliary fields with no dynamics. The action (2.29) can be written as
where E ij has been transformed to
This amounts to gauging using the connection C, and so is automatically invariant under the local transformations (2.8).
If the isometry acts without fixed points and if g ij induces a positive-definite metric on the fibres, then G mn is invertible. The matrix E is degenerate at points X 0 at which there is a vector U such that E(X 0 )U = 0, so that G mn U n = −B mn U n . This implies that G mn U m U n = 0 so that at X 0 there is a Killing vector K (some linear combination of the k m ) that becomes null. For positive definite G mn , this implies K(X 0 ) = 0 so that X 0 is a fixed point for K. Then E is invertible if and only if the isometry group acts without fixed points.
The Geometry of Gauged Sigma Models
Suppose the abelian isometry group G generated by the Killing vectors acts without fixed points. Then the quotient M/G defines the space of orbits N, and is a manifold. As a result, M is a bundle over N with fibres G, with projection π : M → N. A form ω satisfying ι m ω = 0 will be said to be horizontal, one satisfying L m ω = 0 will be said to be invariant and one that is both horizontal and invariant is basic. Equivariant cohomolgy is the cohomology of basic forms, and the obstructions to gauging can be characterised in terms of this cohomology [23] , [24] , [25] . A metric g on M will be said to be horizontal if the Killing vectors k m are null and satisfy g(k m , V ) = 0 for all V , and a horizontal metric which is invariant (Lg = 0) will be said to be basic. Basic metrics and forms on M can be thought of as metrics and forms on N, as they are the images under the pull-back π * of metrics and forms on N.
A Single Killing Vector
Before proceeding to the general case, it will be useful to discuss the case d = 1 with one Killing vector k. Let G = g ij k i k j , and it will be assumed that G is nowhere vanishing (so that there are no fixed points). Then M is a line or circle bundle over some manifold N, with fibres given by the orbits of k. It is useful to define the dual one-form ξ with components ξ i = G −1 g ij k j , so that ιξ = 1 where ι is the interior product with k. The 2-form
The metric takes the form
whereḡ(k, ·) = 0 so thatḡ is basic and can be thought of as a metric on the quotient space N. In adapted local coordinates X i = (X, Y µ ) in which
and Y µ are coordinates on N, the Lie derivative is the partial derivative with respect to X, so that g ij , H ijk are independent of X. Then
Then A is a connection 1-form for M viewed as a bundle over N.
If the symmetry is gaugable, there is a globally defined v with ιH = dv and
Then
is also horizontal, ι F = 0. In the adapted coordinates, v = v µ dY µ . The 3-form H can be decomposed as
where h is a horizontal closed 3-form, ιh = 0 and dh = 0. As a result H = db where b =b + v ∧ dX (3.10) andH = db. There are similar expressions using ξ instead of dX
and is horizontal, ιH = 0, and so basic. HereH is globally defined, whileb is not in general.
If the orbit of M is a circle so that M is a circle bundle, the topology is characterised by the first Chern class, [F ] ∈ H 2 (N). The topology associated with the b-field is characterised by the cohomology class [ F ] ∈ H 2 (N), and this will be referred to as the H-class. It will be seen in section 5 that, when appropriately normalised, both correspond to integral cohomology classes.
Next, consider the geometry (M, g ′ , H ′ ) obtained by gauging k and eliminating the gauge field. It is given by (2.32) , which implies
and the notationξ i ≡ v i has been introduced for comparison with later formulae. The symmetric and anti-symmetric parts give
and
are both horizontal, using ιξ = 0,
as well as invariant. This is sufficient to ensure that δX i = αk i is a symmetry of the sigma model on (M, g ′ , H ′ ). The Killing direction is null for the metric g ′ . One can then take the quotient with respect to the isometry to obtain a sigma model on the quotient space N, with geometry (N, g ′ , H ′ ). More physically, the local symmetry can be fixed by choosing X(σ) = X 0 for some point on the orbit and the sigma model reduces to one on N with coordinates Y µ . This amounts to choosing a section of the bundle, and in general there will not be a global section, so that one may need to choose different gauge choices X 0 over each patch in N.
Several Killing vectors
Consider (M, g, H) with d commuting Killing vectors, and suppose that G mn and E mn are invertible everywhere. It is useful to define the one-forms ξ m with components
so that they are dual to the Killing vectors ξ m (k n ) = 0 (3.20) and satisfy ι m F n = 0 (3.21)
where
The metric can be written as
whereḡ is a basic metric withḡ(k m , ·) = 0 so that it can be viewed as a metric on N.
In adapted local coordinates
the Lie derivative is the partial derivative with respect to X m , so that g ij , H ijk are independent of X m . Then
satisfies ι m F n = 0. The A m are connection 1-forms for M viewed as a bundle over N.
Any form on M can be expanded using either the forms dX m defined in a local coordinate patch, or using the globally-defined one-forms ξ m . From (2.14) ,
for some globally-defined basic one-formξ m . Defining the basic 2-form
Note that dB mn is basic. The 1-formsξ are given in terms of v bȳ
The 3-form H can be written as
where ι mH = 0. Using (2.10),(2.16),(2.17) this becomes
is a globally-defined 2-form. Closure of H requires thatH satisfy
is closed and basic, and so locally this is db whereb is a basic 2-form. Then locally
Consider now the geometry (M, g ′ , H ′ ) arising from eliminating C, given by (2.32). Rewriting in terms of ξ,ξ, a remarkable simplification occurs. The equations (3.19) 
and the induced connections C are
Using (3.25) , this can be rewritten as
where Φ m a is a globally-defined one form on W constructed usingξ, plus a pure gauge term ∂ a X m . Thus the connections C and C on W are given by the pull-back of the connection A on the bundle M → N, plus global one-forms, so that the U(1) d bundle over the world-sheet is the pull-back of the torus bundle over N.
The new geometry obtained by integrating out the gauge fields is given by
Defining the symmetric and anti-symmetric parts
the geometry is given by
Using (3.23),
Thus the gauging together with elimination of gauge fields leads to the changes
which then interchanges ξ withξ and takes E → E −1 . Note that g ′ , H ′ are invariant and horizontal with respect to all of the Killing vectors
This can be checked directly, or by noting that eliminating any one of the C m gives a geometry that is horizontal with respect to the corresponding Killing vector, and then repeating the argument for each of the d gauge fields in turn. Again one can take the quotient under the action of the isometry group to obtain a sigma model on (N, g ′ , H ′ ). This can be thought of as fixing the symmetry by choosing local sections of the bundle, fixing all of the coordinates X m , so that the sigma model reduces to one on N with coordinates Y µ .
Global Symmetries
Suppose the orbits of each of the k m are periodic, so that M is a torus bundle over N. The general Killing vector with periodic orbits is of the form m N m k m where N m are integers. One can then change from the basis {k m } to a new basis {k ′ m } of Killing vectors with periodic orbits 
are related by
which is a large diffeomorphism of the torus. The metric and b-field are given in terms of G mn , B mn , ξ m , v m . Then G ′ , B ′ , v ′ , ξ ′ determine the same geometry as G, B, v, ξ if they are related by a GL(d, ) transformation, as one is transformed to the other by a change of basis. Then GL(d, ) is a symmetry, as target spaces related by the action of GL(d, ) are equivalent and determine the same physical models.
A shift
where β mn are constants leaves H unchanged and so the classical physics is unaltered. The action changes by
which is the integral of the 2-form β over the embedding of the world-sheet in the target space M. For compact world-sheets, this gives a contribution of exp ik β to the functional integral and so this will be a symmetry provided k 2π β represents an integral cohomology class. Then the theory is invariant under GL(d, ) and integral shifts of B, in the sense that acting with these gives a physically equivalent theory. For non-compact fibres, the situation is similar but the symmetries become the continuous symmetries of GL(d, Ê) and arbitrary constant shifts of B.
Gauging the Ungaugable
Consider now the general case in which (M, g, H) is invariant under the action of an abelian isometry group with L m H = 0 but in which the conditions for the gauging of the corresponding sigma-model are not necessarily satisfied, so that their consequences discussed in the previous sections also do not apply. Then ι m H is closed but need not be exact. Given
In the overlap U α ∩ U β , the difference between the v's must be closed and so exact, so that are globally defined 1-forms onM asv α m =v β m over U α ∩ U β . In this section, it will be shown that the sigma model on M can be lifted to a sigma-model onM and that under certain circumstances the isometries can be lifted to gaugable ones onM , even if they were ungaugable on M.
ThenM
. A metricĝ and closed 3-formĤ can be chosen onM with noX m components, i.e.
where π * is the pull-back of the projection. The pull-back will often be omitted in what follows, so that the above conditions will be abbreviated toĝ = g,Ĥ = H. Then the only non-vanishing components ofĝ IJ are g ij and ∂/∂X m is a null vector, while the only non-vanishing components ofĤ IJK are H ijk . It will be convenient to lift the Killing vectors k m on M to vectorsk m onM that act on X m as well as X i , so thatk
for some Θ mn . Fork m to be vector fields onM requires, using (4.3), that Θ mn have transition functions
As g, H are independent ofX, thek m are Killing vectors onM :
Ifι m denotes the interior product withk m , then 
Using (4.14),
This together with (4.17) implies that B mn is constant along the orbits of k:
Then B np are basic and can be regarded as functions on N. 
are horizontal with respect tok m . It is useful to choose local coordinates ( X m , X m , Y µ ) adapted to the 2d commuting isometries, so thatk
The required change of coordinates is
The integrability condition ∂ [p Θ n]m = 0 for (4.27) is satisfied as a result of (4.20) . Then in the coordinate system (X m , X m , Y µ ) many of the results derived in section 3 can be applied.
In particular,
where A m = A mµ dY µ is a connection one-form that is horizontal with respect tok m , k m , and
is also horizontal.
Then the sigma-model on (M,ĝ,Ĥ) has an abelian isometry symmetry generated by thê k m which can be gauged precisely if the original geometry (M, g, H) has as an isometry generated by the k m satisfying the two conditions that (i) ι m ι n H is exact, so that there are well-defined functions B mn on M satisfying (4.14), and (ii) ι m ι n ι p H = 0. These are considerably weaker than the conditions needed for the isometry of (M, g, H) to be gaugable; here v α m need not be globally defined, and is not required to satisfy either L m v n = 0 or ι m v n = −ι n v m . A more general construction in which condition (i) is relaxed will be discussed in later sections.
The gauged action is now obtained by inserting the appropriate hatted objects in (2.20) or (2.21). The action (2.20) becomeŝ 
so that the original action
is changed by replacingÊ IJ witĥ
which can be rewritten as
with symmetric and anti-symmetric parts
Global Structure and Large Gauge Transformations
In the last section, it was seen that adding extra coordinatesX enables one to overcome obstructions to gauge a wide class of sigma-models. This involved replacing v withv = dX+v and the gauged actionŜ (4.34) differs from (2.21) by an extra term proportional tov − v,
Suppose that the orbits of the k m are compact, so that X m are periodic coordinates on a torus. Then the question arises as to whether the new coordinates are also periodic. In [7] , it was argued that the invariance of the extra term in (5.1) under large gauge transformations requires thatX be periodic, However, the situation is complicated due to the fact thatX is not invariant under the transformations generated byk, and the action S 0 in (2.21) may not be invariant under large gauge transformations in general. In this section, it will be shown that X m are periodic coordinates for a torus dual to the X m torus. Note that from (4.26), periodicity conditions for X are not consistent with periodicity conditions forX unless the components of Θ mn are rational numbers, and as Θ mn varies continuously over N this will not be the case in general.
Simplified Form of Gauged Sigma-Models
Consider the gauged sigma-model on (M, g, H) discussed in sections 2,3. As
is a globally-defined 2-form, the pull-back φ * B defines a WZ-term W φ * B which can be gauged by minimal coupling. The gauged action is then the sum of the minimal coupling term
and a non-minimal term
which can be rewritten locally as
For the sigma-model on (M, g, H) with the action ofk gauged, similar formulae apply with
The corresponding two-dimensional action is
Large Gauge Transformations and Global Structure
The one forms ξ m , ξ m are closed but not exact onM, and a homology basis of one-cycles on M (γ n , γ n , γ A ) can be chosen so that γ m is the one-cycle generated by k m , γ m is the one-cycle generated by k m , and γ A are one-cycles on N. Then the periods are The ambiguity in the three-dimensional form of the non-minimal term (5.7) for two 3manifolds V, V ′ with the same boundary W is the integral over the compact 3-manifold
for some integer N. Then the integral over the compact 3-manifold V − V ′ will not affect the functional integral provided the same condition (5.14) is satisfied. Thus the torus generated by the k with coordinates X m is dual to the torus generated by the k with coordinates X m , with inversely related periodicities (5.14) . A convenient choice is to take R m = 1, R = 1/(2πk) for all m. For each m, X m /R m has period 2π and C m /R m is conventionally normalised, so that for any 2-cycle where {ω r } is a basis of harmonic 1-forms on W (normalised to have integral periods) and N r m are integers. Then the only dependence on X of (5.8) is through the term C m ∧ d Xm, so that using (5.16), the functional integral over X m becomes a functional integral over x m and a sum over the integers N r m . The x m are lagrange multipliers imposing the constraint G m = 0, so that C m are flat connections, while the sum over the integers N r m imposes the constraint that the Wilson lines C all vanish, so that the connection C is pure gauge. Then a suitable gauge choice is C = 0, in which case the ungauged model is recovered.
T-Duality

T-Dualising on d Circles
If X m are coordinates on a torus, the X m are coordinates on the dual torus. M is a T d bundle over N, andM is a torus bundle over M and so a T 2d bundle over N. With these periodicities, it was seen in the last section that X m is a lagrange multiplier imposing the condition that C is pure gauge, and so can be set to zero by a gauge choice, and the ungauged model on (M, g, H) is recovered. Then the gauged model on (M, g, H) (4.31) or (4.34) is equivalent to the ungauged model on (M, g, H) for any W . However, one can instead integrate out the gauge fields C to get a sigma model with geometry (M , g ′ , H ′ ) given by (4.39) or (4.40). This still has the local gauge symmetry (2.8), and taking the quotient by the isometry group generated by thek m gives a sigma-model on M , the space of orbits, with metric g = g ′ and 3-form H = H ′ . Then the sigma-model on ( M , g, H) is equivalent to that on (M, g, H) as they define equivalent quantum theories, since the functional integrals are related by different gauge choices for the master sigma-model onM . The projection from the model onM to that on M can be thought of as a gauge-fixing of the isometry symmetry by setting the X m to constants locally.
The formulae from section 3 can be immediately applied to this case of the gauging of the sigma-model onM , with the replacementξ → ξ. For d = 1, from (3.16), the metric g on M and dual metric g on M are g =ḡ + G ξ ⊗ ξ (6.1)
while the 3-form H and dual 3-form H are, using (3.17) ,
There is a Killing vector k on M dual to ξ, with g(k, V ) = Gξ(V ) for any vector field V , and a Killing vector k on M dual to ξ. The formsH, F, F are basic with respect to k on M and with respect to k on M , so can be viewed as forms on N. These transformations agree with those found by Buscher locally, but are given in terms of globally defined objects. In local coordinates adapted to the Killing vectors,
and ξ = dX + A (6.8)
There is a straightforward generalisation to T-dualising on d circles. Using (3.52),(3.53) withξ → ξ, the original geometry (M, g, H) and the dual geometry ( M , g, H) are given by g =ḡ + G mn ξ m ⊗ ξ n (6.10)
g =ḡ + G mn ξ m ⊗ ξ n (6.11)
and 
also transform as a vector under O(d, d): 7 Torus Fibrations
Local Killing Vectors
For string theory on a space that is a K bundle, i.e. a bundle whose fibres are some space K, there are general arguments [27] that any duality that applies to string theory on K (e.g. mirror symmetry if K is Calabi-Yau, or T or U dualities if K is a torus) can be applied fibrewise, giving a fibration by a dual string theory on a space whose fibres are the dual space K. In the present context, this implies that it should be possible to apply T-duality to any space with a T d fibration. However, the arguments discussed so far have been based on the case where there is an isometry group generated by globally defined Killing vector fields. In this section, these will be generalised to general torus fibrations, which do not have globally defined Killing vector fields. The aim of this section is to give a direct proof that T-duality can be applied fibrewise, and to examine whether there can be obstructions to fibrewise T-duality. for some matrix (L αβ ) m n in GL(d, ). 1 It then follows that objects constructed from k m and carrying indices m, n... now have GL(d, ) transition functions. For example, from their definitions it follows that G, ξ have transition functions
where L = L αβ and L m n is given by L = (L t ) −1 . Objects such as G, ξ carrying indices m, n... whose transition functions are just the GL(d, ) transformation in the appropriate representation will be referred to as tensors.
If for some ρ m αβ . These are not tensorial patching conditions. The transition functions for the coordinates X are an affine transformation, so such a bundle is sometimes referred to as an affine bundle. Here ρ m αβ satisfies ι m dρ n = 0, and so is a function on the base N. The transition functions then act by a large diffeomorphism of the torus together with a translation of the X m , and so define an affine torus bundle rather than a principle one.
Next will be tensorial, with ξ α m = (L αβ ) m n ξ β n (7.13) provided the B mn are tensorial, B α = LB β L t . This condition will be assumed to be the case in this section, but more general transition functions for B mn will be discussed in section 8. 
Symmetries of Torus Fibrations and their Gauging
In this section, geometries (M, g, H) that are torus fibrations with local Killing vectors with transition functions (7.1) will be considered. The formal symmetries of the sigma-model on (M, g, H) that are associated with such local Killing vectors will be discussed and their gauging analysed. This will then be used to discuss the symmetries and gauging of the space (M , g, H) with doubled fibres and their implications for T-duality in the following subsection.
A sigma-model configuration is a map φ : W → M. For a given map φ : W → M, it is convenient to choose an open cover W (α,r) (labelled by α and an extra index r) of W such that φ(W (α,r) ) ⊂ U α . Such a cover can be constructed as follows. The map φ can be combined with the bundle projection π : M → N to define a map π • φ :
For some α, u α may be the empty set. Next, a good cover {W (α,r) } is chosen for each u α , u α = ∪ r W (α,r) with contractible W (α,r) , and W = ∪ α,r W (α,r) .
Then for σ ∈ W (α,r) , φ(σ) ∈ U α and the coordinates X i α can be used. Using X i α for σ ∈ W (α,r) and X i β for σ ∈ W (β,s) , for σ ∈ W (α,r) ∪ W (β,s) , the transition functions following from (7.5) are X m α (σ (α,r) ) = ( L αβ ) m n X n β (σ (β,s) ) − ρ m αβ (σ (β,s) ) (7.17) and the transition functions do not depend on r, s (i.e. they are functions on u α ). Consider the transformation of X α (σ) for σ in the patch W (α,r) given by δX m α = α m (α,r) k α m (X(σ)) (7.18) where the parameter α m (α,r) (σ) is a function on W (α,r) . As the patch U α ≃Ū α × T d in M contains the entire orbit of the each k m , X α + δX α remains in U α for each σ ∈ W (α,r) . Consistency with (7.3),(7.1) requires that, for σ ∈ W (α,r) ∩ W (β,s) , the parameters patch together according to (α (α,r) ) m = ( L αβ ) m n (α (β,s) ) n (7.19)
As the transition functions (7.17)(7.19) do not depend on r, s, it follows that X, α are functions on u α and for some purposes it is useful to use the cover {u α } and write the transition functions for X α (σ), α α (σ) for σ in u α ∩ u b as
Note that the cover {u α } is not a good cover in general -e.g. for the constant map φ : W → X 0 ∈ M of the whole world-sheet to a point X 0 ∈ U α 0 for some patch U α 0 , the corresponding patch u α 0 = W is the whole of W , and so this will not be contractible unless W is. For a rigid symmetry with constant α, a different constant parameter α β is needed in general for each patch u β , related by (7.20) . The parameters are sections of a bundle, and in general this has constant local sections, but not constant global sections.
Consider first the special case in which b is a tensor field with vanishing Lie derivative with respect to the vector fields k m , so that the gauging is through minimal coupling, and v m = −ι m b. Defining L α = L| uα , the restriction of the ungauged sigma-model lagrangian L(X(σ)) to σ ∈ u α , then the coordinates X α can be used and
where X i = X i α . This extends to a globally-defined lagrangian as
The transformation (7.18) with constant α α is a rigid symmetry of the lagrangian L α for σ ∈ u α , and the question arises as to whether this extends to a symmetry of the full lagrangian on W . This will be the case if different constant parameters are chosen in each patch u α ⊂ W , with the transition functions (7.20) . As the patching conditions for the parameters depend on the choice of open sets {u α }, and this in turn depends on a reference sigma-model map φ : W → M, this is not quite a proper rigid symmetry, but it is a formal invariance of the theory.
The transformation (7.18) is a rigid symmetry of the lagrangian L α on u α and this can be gauged by introducing the minimal coupling
where the connection one-forms C α on u α transform as δC m a = ∂ a α m (7.24)
The minimal coupling gives the gauged lagrangian
where X i = X i α , C = C α and this is invariant under the local transformations (7.18), (7.24) on u α . This can be done in each patch, with a gauge field C α (σ) for σ ∈ u α in each patch.
These local gauged lagrangians will patch together to give a gauged lagrangian on M that can be integrated over W if (7.22) holds. Using (7.20) , this requires that the 1-forms (C α ) m a dσ a have transition functions
where dρ αβ is the pull-back dρ αβ = dσ a ∂ a ρ m αβ (X(σ)). The C α are 1-forms on u α , so that if one had introduced C (αr) on W (α,r) , then on the overlap W (α,r) ∪ W (α,s) the 1-form is continuous C (α,r) = C (α,s) , and the full form of the transition functions could be written C (α,r) = ( L αβ )C (β,s) − dρ αβ (7.27) and do not depend on r, s. Comparing with (7.4), C m α has the same transition functions as the pull-back −A m αi ∂X i αa dσ a of −A, so that C is the connection of a bundle over W which is the pull-back of the bundle M over N with connection −A.
As before, it is useful to write C m αa = C m αa + Φ m αa (7.28) where
The field equation from varying C is C = C or, equivalently, Φ = 0. The C is a pull-back connection, with transformation rules
so that Φ is vector field with covariant transition functions Φ m αa = ( L αβ ) m n Φ n βa (7.31) in u α ∩ u β . Any choice of Φ (e.g. Φ = 0) with these transition functions will give a C with transition functions (7.26) . Then for each patch u α there is a lagrangian L α that is invariant under the local transformations (7.18), (7.24) . Further, if the gauge field C is a connection on the pull-back bundle, i.e. if it has transition functions (7.26) (or equivalently C = C + Φ for any Φ with transition functions (7.31)), then L α = L β in u α ∩u β and the lagrangian is well-defined on W and invariant under (7.18), (7.24) provided the local parameters patch according to (7.20) . The parameters α are local sections of a bundle with GL(d, ) transition functions, and for non-trivial bundles, there will be no global constant section, and hence no global limit of the gauge symmetry with constant parameters. This bundle is characterised by its GL(d, ) monodromies around 1-cycles, and so can only be trivial if these monodromies are all trivial. The best one can do in general is to find constant local sections, with the α constant in each patch, but with the constants in different patches related by (7.20) .
This can now be generalised to the case in which b is not globally defined, but H is invariant. The gauging of the kinetic term involving the metric is as above. The map φ : W → M extends to a map φ : V → M where V is a 3-manifold with boundary W and for any such map choose a cover {V α } of V with π • φ(V α ) ⊂Ū α . Then one can define the lagrangian on V α
The v m are determined up to the addition of exact forms, and the lagrangian L α W Z is gauge invariant provided the v m can be chosen so that L m v n = 0 and ι (m v n) = 0. These patch to give a well-defined action provided L α W Z = L β W Z in V α ∩ V β , and this requires that the v are tensorial:
v α = Lv β (7.33)
These give the generalisation of the conditions for gauging a Wess-Zumino term to the case of locally-defined Killing vectors. The connection has the same properties as above, and is given by (7.28), (7.29) for any Φ with the transition functions (7.31).
T-Duality for Torus Fibrations
Suppose M has d locally-defined Killing vectors with transition functions (7.1). If ι m ι n ι p H = 0, then over each patchŪ α in N the construction of section 4 can be repeated to give a patch U α ≃Ū α × T 2d with coordinates (Y α , X α , X α ). This allows the construction of a spaceM which is a T 2d bundle over N that has fibre coordinates α with = X m X m (7.34) and patching conditions (7.5), (7.16) . The one-formsv defined by (7.8) are tensorial, with transition functions (7.9). There is a B α mn and vector fieldsk α m in U α such that the conditions for gauging are satisfied in U α , so that a gauged lagrangian L α can be constructed on u α (or V α for the WZ-term).
The vector fieldsk α m have the same tensorial transition functions as k α m ,k α = Lk β provided the B mn given by B mn = Θ mn + ι m v n are tensorial
Then in each patch there are torus moduli E α mn = G α mn + B α mn and 1-forms ξ m α , ξ α m . The geometry in each patch is given in term of these by (3.23),(3.34) (with the definitions (3.35),(3.28), (3.27) ) and these give a globally defined metric and 3-form as a result of (7.2), (7.35) . For example, B = 1 2 B mn ξ m ∧ ξ n is a globally-defined 2-form as B α = B β . In each patch, U α ≃Ū α × T 2d , the space of orbits under the action ofk α m can be thought of as U α ≃Ū α × T d with fibre coordinates X m . With the transition functions (7.16), these patch together to give the dual space M. This is the dual affine torus bundle with the L in the transition functions (7.5) for M replaced with L in the transition functions (7.16) for M . T-duality in each patch acts through (6.23), (6.22 ) and lead to a dual metric g α and 3-form H α in U α given by (6.10),(6.12), and these patch together to give a globally defined metric and 3-form on M .
Torus Fibrations with B-Shifts
B-Shifts with Killing Vectors
Returning to the set-up of section 4, suppose (M, g, H) has d globally defined Killing vector fields k m , with ι m ι n ι p H = 0 but suppose that ι m ι n H is not necessarily exact. The condition thatk α m , k n α have compact orbits in each patch, so thatM is a T 2d bundle, imposes a quantization condition on the constants c αβ mn . If X m ∼ X m +2πR, X m ∼ X m +2π R for some R, R (with R = (2πkR) −1 if the conditions of section 5 are imposed), then the quantization condition on the c is that (R/ R)c αβ mn are integers. In section 7, transition functions on M that mix the k among themselves were considered, so that M is a torus bundle which is not principle, and (8.13) gives a generalisation in which transition functions onM mix thek with the k, so thatM is an affine T 2d bundle which is not principle. Then although the vector fields k m are globally defined on M, thek m are not globally defined onM . The 1-forms ξ have trivial transition functions ξ α = ξ β , but
The transition functions for E = G + B are then
The T-duality transformation (6.23),(6.22) can now be applied in any given patch to give a dual geometry with moduli E mn given by E α = (E α ) −1 in U α . If this is done in each patch, then the transition functions (8.6) give the transition functions
for E α = (E α ) −1 . As a result, the geometries on each patch ( U α , g α , H α ) do not fit together to give a geometry on M, as the transition functions for g α , H α following from ( 
This is of the form h αβ = h T h αβ h −1 T where h T is the T-duality transformation (6.33), as expected from [19] . ThenM is a T 2d bundle over N which will in general have O(d, d; ) monodromy of the form
round 1-cycles γ inM for some integers N(γ). The transition functions are T-dualities, giving a T-fold [19] . Although the resulting background is not a conventional geometry on M , it does give a good non-geometric background for string theory [19] , as the transition functions are a symmetry of string theory.
In this case, there are global issues in understanding the T-duality from the point of view of the gauged sigma-model. In any given patch, the T-duality can be achieved through gauging the isometries generated byk α m , giving a gauged lagrangian L α . However, these cannot be patched together to form a global gauged lagrangian as (8.13) implies that the transition functions mix the isometries being gauged with those that are not. Then the T d generated by thek do not patch together to give a T d bundle over N, and this leads to the fact that the dual metric g and 3-form H are not globally-defined. One might instead attempt to gauge the isometries generated by K α m =k α m in U α and the isometries generated by K β m =k β m + c αβ mn k n β in U β , and in this way try to define globally defined vector fields K α m that can be gauged. However, there is a topological obstruction to doing this ifM has non-trivial O(d, d; ) monodromy, i.e. if there is at least one 1-cycle γ with N(γ) = 0. If all monodromies are trivial, then one can construct a globally-defined B mn by taking B mn = B α mn in U α , B mn = B β mn + c αβ mn in U β etc and so recover the set-up of section 4 with globally-defined B mn . 
B-shifts and Torus Fibrations
In each patch one U α one can T-dualise using the formulae of section 6. This again gives a T-fold, with transition functions h αβ = h T h αβ h −1 T with h αβ given by (8.15 ).
T-Folds and T-Duality
The backgrounds considered here and in [19] are constructed from local patches that are each conventional geometric string backgrounds. For torus fibrations, these patches are of the form U α ≃Ū α × T d whereŪ α are patches on the base N. In each such patch, the background has a conventional geometry (U α , g α , H α ) and U α is assumed to have d vertical Killing vector fields k m tangent to the torus fibres. The geometry (U α , g α , H α ) is determined by a geometry (Ū α ,ḡ α ,H α ) on the base patchŪ α with metricḡ α and 3-formH α , together with T d moduli E α mn = G α mn + B α mn and the U(1) 2d connections A m α , A α m . The A m are the U(1) d connections associated with the T d fibration.
It was seen in section 4 that it is natural to use this data to construct a T 2d fibration by introducing d extra toroidal dimensions to construct a patchÛ α ≃Ū α × T 2d with U(1) 2d connection 1-forms A α = (A m α , A α m ). Then there are 2d 1-forms ξ m , ξ m onÛ α whose horizontal projections are A m α , A α m , and there are 2d Killing vector fieldsk m , k m tangent to the fibres. If ι m ι n ι p H = 0, there is a natural action of O(d, d) on the geometry, with E transforming as (6.27), A = (A, A) transforming as (6.36), ξ m , ξ m transforming as (6.28),(6.29) andḡ,H invariant. The subgroup O(d, d; ) is a symmetry of string theory, as two backgrounds related by O(d, d; ) define the same quantum theory.
The string background M is constructed by patching the U α together. In overlaps U α ∩U β , the patching conditions relating (E α , A α ) to (E β , A β ) are given by a U(1) 2d gauge transformation together with an O(d, d; ) transformation h αβ . The background is geometric if the metrics g α and 3-forms H α patch together to give a metric tensor and 3-form on M. This requires that all the h αβ can be taken to be of the form (8.15) , so that the monodromies are all in the geometric subgroup Γ( ) of matrices of the form (6.32). The k α will be globally-defined vector fields provided the transition functions are all of the form (8.9), so that the monodromies are in the subgroup of matrices of the form (6.31). For general Γ( ) monodromies, M is a T d bundle over N.
For O(d, d; ) monodromies that are not in Γ( ), M is a T-fold. This can be viewed as a manifold M on which the g α and H α do not patch together to give tensor fields on M. Such T-folds are non-geometric backgrounds, but nonetheless can provide good string backgrounds [19] . The transition functions in O(d, d; ) ×U(1) 2d can be used to patch thê U α together to form a T 2d bundleM over N with connection A. Thek m , k m will be globallydefined vector fields onM only if the O(d, d; ) monodromies are trivial.
The topology of the T 2d bundleM over N is characterised by the 2d first Chern classes [F ] ∈ H 2 (N, ) and the O(d, d; ) monodromies g(γ) round 1-cycles γ in N. An O(d, d; ) T-duality transformation h on these is [F ] → h −1 [F ], g(γ) → hg(γ)h −1 .
The orbits of thek m define a space U ′ α ≃Ū α × T d ⊂Û α , and these patch together to form a T d bundle over N if the monodromies are all in the GL(d, ) subgroup. In that case, if ι m ι n ι p H = 0 there is a gauged sigma-model onM in which the action of thek m is gauged, and this can be used to show that the action of the T-duality group O(d, d; ) on the geometry is a symmetry of the quantum theory, and it takes a geometric background with GL(d, ) monodromies to a geometric background with GL(d, ) monodromies. This extends the proof of T-duality to the case of torus fibrations with GL(d, ) monodromies, and this is the maximal case in which a complete proof can be given in the way discussed here using a globally-defined gauged sigma-model. The condition that the monodromies are all in GL(d, ) is equivalent to the condition that ι m ι n H is exact.
In the general case, one can construct a gauged sigma-model in any patchÛ α in which the symmetry generated by thek is gauged provided ι m ι n ι p H = 0, and this can be used to construct a dual geometry ( U α , g α , H α ) on the space of orbits U α ≃Ū α × T d . For physical effects localised withinÛ α , the sigma model on the original geometry (U α , g α , H α ) and the dual geometry ( U α , g α , H α ) give equivalent quantum theories, so one can in principle use either. This dualisation can then be done in all patches. If the original background had transition functions h αβ ∈ O(d, d; ), the dual one has transition functions h αβ ∈ O(d, d; ) given by h αβ = h T h αβ h −1 T . If the original space was a geometric background with monodromies in Γ( ) with non-trivial B-shifts, so that the monodromies are not all in GL(d, ), the dual background is a non-geometric T-fold. A discussion of T-duality in this general case can be given using the doubled formalism of [19] ; this will be discussed in a separate publication.
The most general case requires the relaxation of the constraint ι m ι n ι p H = 0, so that ι m ι n ι p H gives constants in each patch, and the algebra of the Killing vectorsk, k becomes non-abelian. The results of [28] suggest that T-duality should generalise to this case, but the non-abelian structure leads to issues similar to those that arise in non-abelian duality [36] , [37] , [38] , so that the approach used here appears difficult to implement in that case.
